A two-loop induced radiative neutrino model is proposed as an extension of our previous work in which the first and second generation standard model fermion masses are generated at one-loop level in both quark and lepton sectors. Then we discuss current neutrino oscillation data, lepton flavor violations, muon anomalous magnetic moment, and a bosonic dark matter candidate, for both the normal and inverted neutrino mass hierarchy. Our numerical analysis shows that less hierarchical Yukawa coupling constants can fit the experimental data with TeV scale dark matter.
I. INTRODUCTION
In the standard model (SM), neutrinos and dark matter (DM) candidates are not involved in if the neutrinos could be Majorana property within the renormalizable theory. Radiatively induced mass models are one of the attractive candidates to accommodate these fields, and a lot of groups are trying to establish such models. For example, one-loop induced neutrino mass models are found in Refs. [1] [2] [3] [4] , subsequently several variations has been achieved as found in . Two-loop, three-loop, and four-loop models are respectively found in Refs. , , and [141, 142] .
Previously we proposed a model in which first and second generation quark and lepton masses are radiatively generated at one-loop level for understanding the mass hierarchy in quark and charged lepton sector [73] . In this model, Dirac type neutrino mass terms are generated in the same way as the other sectors which require a tiny Yukawa coupling as O(10 −13 − 10 −12 ) due to smallness of neutrino masses. In this paper, we extend the model where the Majorana type active neutrinos are realized at two-loop level. Thus the more natural hierarchy between neutrinos and the other SM fermion sectors can be achieved.
Moreover, when neutrinos are Majorana type, it might be clarified through the experiments searching for neutrinoless double beta decay. Also one can predict one of the three neutrinos is massless fermion, because one of the Yukawa couplings is anti-symmetric matrix. This property is the same as the preceding work, i.e., Zee model found in the first reference of the one-loop model. Due to the property, different patterns of allowed regions are obtained depending on normal hierarchy (NH) or inverted hierarchy (NH) of the neutrino masses. In addition, several bosonic DM candidates are involved in and can be detected by direct or indirect detection searches.
This paper is organized as follows. In Sec. II, we show our model, including neutrino sector, LFVs, muon anomalous magnetic moment, and bosonic DM candidate to explain direct detection and relic density. In Sec. III, we have a numerical analysis, and show some results. We conclude and discuss in Sec. IV. 
, where each of the flavor index is defined as α ≡ 1 − 3 and i = 1, 2.
II. MODEL SETUP
In this section, we review our model and derive formulas for neutrino mass matrix, lepton flavor violations, muon g −2, and relic density of DM. The particle contents and their charge assignments are shown in Tab. I, in which only two inert bosons Φ 2 and S − are introduced in addition to the previous work [73] to construct the Majorana type active neutrino masses at the two-loop level. Hence all the phenomenologies except neutrino sector can be retained.
Notice here that the inert properties of Φ 2 assure the local U(1) R symmetry even after spontaneous breaking via ϕ. In addition, since ϕ and Φ as well as all the SM fermions are Z 2 even, the Z 2 symmetry remains after the symmetry breaking where a neutral Z 2 odd particle can be a DM candidate. Notice that we also need N i R which is charged under U(1) R to cancel gauge anomaly. Here we assign odd Z 2 charge to N i R in order to eliminate couplings that induce tree-and one-loop level neutrino mass generation in the previous model. In addition, we add N i L to give Dirac mass term like M DNL N R which is generated by ϕN L N R after ϕ develops a VEV. Due to Z 2 symmetry N L(R) can be DM candidate, but we omit analysis for N L(R) DM since it is not related to neutrino mass generation.
Under these symmetries, the relevant Lagrangian and Higgs potential are given by
where σ 2 is the Pauli matrix, (α, β) run over 1 − 3, (i, j, k) runs over 1, 2, and we abbreviate the full trivial potential. Note that we have the Dirac mass term of L ′ since it is introduced as vector-like. In addition, the term with coupling y ′ S is our source of lepton number violation in generating Majorana neutrino masses. Here we assume that the charged lepton mass is diagonal and we work on the basis where all the coefficients are real and positive for simplicity 1 .
Scalar bosons: In our model, scalar sector has five complex scalar fields {Φ, Φ 2 , η, ϕ, S ± } and one real singlet scalar S. We parametrize the complex scalar fields as follows:
where v(≈ 246 GeV) and v ′ are respectively vacuum expectation values (VEVs) of Φ and ϕ, and w ± , z, and z R are respectively Nambu-Goldstone (NG) bosons which are absorbed by the longitudinal component of W , Z, and Z ′ boson. Since each of field set;
T , mixes through the terms of |Φ| 2 |ϕ| 2 and λ 1,2 after developing VEVs of Φ and ϕ, we define the relation between the mass eigenstate and the flavor eigenstate as follow:
where h 2 is the SM Higgs, and we hereafter write sin(cos) as a short hand symbol; sin(cos) ≡
s(c).
A.
Neutrino mass matrix
The dominant contribution to the active neutrino mass matrix m ν is given at two-loop level where the corresponding diagram is shown in Fig. 1 . Calculating the diagram, we
1 The first two columns, which comes from the first and second generations, are induced at the one-loop level. The third column, which corresponds to the third generation, are generated at the tree level. See ref. [73] in details including scalar potential and Z ′ boson associated with U (1) R .
FIG. 1:
The two loop diagram for generating Majorana mass term for active neutrinos.
obtain the formula of neutrino mass matrix such that
where we define
The neutrino mass matrix (m ν ) ab can generally be diagonalized by the mixing matrix V MNS (PMNS) and written in terms of experimental values depending on the normal hierarchy (NH) and inverted hierarchy (IH) as follows: 
where we have used the following neutrino oscillation data at 3σ [143] given by
and Majorana phases α 1,2 taken to be α 1,2 ∈ [−π, π] for both cases. Notice here that we assume to be normal ordering to obtain the above numerical value of the neutrino mass matrix, and we take one of three neutrino masses is zero, which is predicted by the theoretical aspect that y ′ S is anti-symmetric matrix, therefore the rank of neutrino mass matrix is reduced to two. Applying the above nature, we can rewrite two components of y 
where the explicit form of y ′ S is given by
In our numerical analysis, only (y ′ S ) µτ is an input parameter, and we will search the allowed region of our parameter space by comparing the experimental values in Eqs. (II.6) and (II.7).
B.
Lepton Flavor Violations (LFVs) and muon anomalous magnetic moment Lepton Flavor Violations: The Yukawa couplings can induce LFV processes at loop level.
Here we focus on ℓ b → ℓ a γ processes at one-loop level where H i and E run inside a loop, and its branching ratio is written as
where α em ≈ 1/137 is the fine-structure constant,
GeV −2 is the Fermi constant. Calculating loop diagrams, a L and a R are respectively 2 The detail analysis is found in ref. [86] for both hierarchies.
Process (i, j) Experimental bounds (90% CL) References
TABLE II: Summary of ℓ i → ℓ j γ process and the upper bound of experimental data.
given as
where
Here each of the experimental bound is summarized in table II, and we impose these constraints in our numerical analysis.
Muon anomalous magnetic moment: Our formula of muon g − 2 can be written in terms of a L and a R , which have been derived in LFV sector as follows:
where the lower index 2 of a R(L) represents the muon.
C. Dark Matter
Here we identify DM as H 1 (≡ X) since it is correlated to neutrino mass matrix and LFVs.
Then we provides formulas of nucleon-DM scattering cross section for the direct detection search and relic density which are taken into account in our numerical analysis later.
Direct detection:
We have a spin independent scattering cross section with nucleon through h 1,2 portal processes and its form is given by
where µ 2Xh i is the trilinear coupling of X − X − h i (i = 1, 2), and the mass of nucleon, which is symbolized by m N , is around 0.939 GeV. Recent LUX experiment in 2016 reported the lower bound on σ N 2.2× 10 −46 cm 2 at 50 GeV mass range of DM at the 90 % confidential level [146] .
Relic density: Our relevant processes for the thermally averaged cross section comes from
Here we note that when s R is not much small, m X ≃ m H 2 ≃ m η ± is required for TeV scale DM due to large contribution from V V * channel without mass degeneration [147] , and co-annihilation processes should be taken into account. In our numerical analysis below, we take small s R so that wider range of m H 2 and m η ± are allowed, and mass ranges outside co-annihilation region are discussed.The squared amplitude for relevant processes and the approximated formula of relic density are given by [148, 149] 
where The observed relic density reported by Planck suggest that Ωh 2 ≈ 0.12 [150] .
III. NUMERICAL RESULTS
In this section, we carry out numerical analysis to search for the parameter region which can fit the experimental data. To reduce number of free parameters, we first fix some parameters as follows; s a = 0.3, s R = 0.1, s C = 1, m h 1 = 4 TeV. We next randomly select values all the dimensionless couplings to search for allowed parameter region. 5 As a result we find the allowed ranges for both NH and IH cases as follows: 
which can reproduce neutrino oscillation data, satisfies the constraints from LFVs and the direct detection searches 6 and can provide the observed relic density of DM; 0.11≤ Ωh 2 ≤0.13.
Here λ 2X2h 2 is the coupling constants of four point interaction X-X-h 2 -h 2 . We thus find that the hierarchy of the required Yukawa coupling constants is not large. O(1.0 ×10 −13 ) for NH and O(4.0 ×10 −13 ) for IH. On the other hands the blue one is the case 4 Notice here that the upper value 10 −3 for µ 2Xhi is required to evade the constraint from the direct detection search, and other trilinear couplings are taken to be the same value for simplicity. When we relax the relation applying larger µ 2h2hi and µ Xh2hi , we have larger DM annihilation cross section reducing relic density without affecting neutrino mass matrix. 5 Totally we have 45(16 mass dimensions plus 29 dimensionless) input parameters, and 23 output parameters. 6 We conservatively take the constraint σ N 10 −45 cm 2 for all the mass region of DM. of m η ± = m H 2 ∈ [11M X /10, 11.1M X /10], and the maximum value of muon g − 2 reaches O(1.5 × 10 −13 ) for NH and O(5.0 × 10 −13 ) for IH. One also find that the lower bound of the DM mass to be 1000 GeV M X , which comes from the LFVs for both cases. Notice here that the muon g − 2 is much smaller than the current experimental value O(10 −9 ) [151] .
The plot at the bottom in Fig. 2 represents the allowed region in terms of the DM mass and its relic density. The red region and blue region corresponds to the same parameter setting as the upper plots in Fig. 2 . This analysis gives the definite constraint on the DM mass; 1000 GeV M X 4500 GeV. When the degeneracy between M X and m η ± relaxes, one finds that the bond of allowed region becomes to be wider. Notice here that it does not affect to the neutrino mass ordering because Yukawa couplings are neglected to the relic density. For the lower range of the DM mass, the relic density decreases due to increasing annihilation cross section whose dominant mode is 2X → 2h. On the other hand, DM relic density decreases in the allowed regions with the larger DM mass, which comes from larger annihilation cross section for 2X → V V * mode; it seems to violate the unitarity bound, however, this curve becomes flat in the limit M X → ∞.
Accommodating the result of 1000 GeV M X 4500 GeV and feeding it back into the first figure, we also find the lower bound of muon g − 2 that tells the negative value does not tend to be allowed. In summary of our numerical analysis, we find as follows:
It is worthwhile mentioning that lager value of muon g − 2 tends to be obtained by the IH case. One of the main reason is that the value of (y ′ S ) eµ , which contributes not to the constraint of µ → eγ but to do the muon g − 2, tends to be larger than the NH case as shown in Fig. 3 due to the relation between y ′ S in Eqs. (II.11) and (II.12).
IV. CONCLUSIONS AND DISCUSSIONS
We have studied a two-loop induced radiative neutrino model as an extension of our previous work in which the first and second generation standard model fermion masses in all the sector are induced at one-loop level. Then we have discussed current neutrino oscillation data, lepton flavor violations, muon anomalous magnetic moment, and a bosonic dark matter candidate explaining the relic density under the direct detection constraint, considering both the normal and inverted neutrino mass hierarchy. We have found that less hierarchical Yukawa couplings can fit the neutrino oscillation data satisfying the constrains from LFVs. Then we have found some results in terms of the DM mass, the muon g − 2 One of the main reason is that the value of (y ′ S ) eµ , which contributes not to the constraint of µ → eγ but to do the muon g − 2, tends to be larger than the NH case as shown in Fig. 3 due to the relation between y ′ S in Eqs. (II.11) and (II.12). Especially we have found that IH is in favor of the muon g −2 although the maximum value is still smaller than the current experimental result.
